
Pre-class Warm-up!!!
Let  A  be the matrix
Which of the following vectors  v  have the 
property that  Av  is a scalar multiple of  v?

a.  v =

b.  v =

c.  v =

d.  None of the above vectors

1s (i]() = [] = x] ? No

(5) ↳ ][i] = (3] = 7 ( ! ) ? Yes
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6.1 Eigenvalues and eigenvectors

New vocabulary:
• eigenvalues and eigenvectors
• the characteristic polynomial of a matrix

We learn:
• how to find the eigenvalues and eigenvectors 

as the result of a theorem about the 
characteristic polynomial

What we don’t learn:
• why we should be interested in e-values and 

e-vectors



Definition of an eigenvector and eigenvalue of 
an  n x n  matrix  A.

Example:  Let  A = 

Try  v = 

Try  v =

Definition of the characteristic polynomial of  A.

Example: Let  A =

Its roots are  7, -1
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This is the polynomial det (A-XI)
We say that a

rector v is an elgenectorof where I is a variable and I is the

nan identity matix.
A with elgenrance b if Av = X

The characteristic
and v = O

.

A is a number ,

polynomials det15] -(3))
= det 2) =3 )

=

16 = b= 65 - 7

Av = (34(1) = B) = () = y - 7)()+ 1)

s (1) is an eigenvectorof A with e-value 7 .

Av = (5) (i) = ( 1) ==1)
so (_,] is an e-vector with e-value - 1.



Theorem.  For an  n x n  matrix  A, the 
eigenvalues of  A  are precisely the solutions of

Proof

To find the eigenvalues of  A:

To find the eigenvectors of  A:

Definition: the eigenspace for the eigenvalue 
is defined to be   Null (A -    I)

find the rook
↓ of the characteristic polynomial .

the characteristic equation
det (A - xx) =0

We solve Av = JV 1 . e
. we save

det (A -JI)=0
(A - I))v = 0

) A-1I is not investible
I . e . we compute the nullspace of (A- > 1)

=) many things e.g .

the echelonformas a zer now
X

E) there is a free variable sh

=> (A-J) v =0 has non-zero solution v
there is non-zer with there is a non-200 v with

C Av-XIv = 0 #) Av = Jv-
->

E)
there is a non-zero

~ which same-vector with e-valueX.

The numbers xHat aplyear ot e-values

are precisely the solutions to the characteristicaquation-



3  4
4  3

To find the eigenvalues of  A:

To find the eigenvectors of  A:

Question like 6.1, 1-26.
Find the eigenvalues and eigenvectors of
A = 

We solve x = 7 : A - >1 = 1 -, )
det(A ->I) =0

And the To findte nullspace : Echelonform

elgenvalues .

Foreach e-value x
,
solve

6-44] . Basis for nullspace : (i)aAr = xv
,
o (A-xi) v =0

·

Find a basis

for Nul(A- >1) x = 11 A- bl = (*] Echelon for

180] · Baris for nullspace (1).
We obtain two e-values 7

.
-1.

Solution : Step 1 .
The characteristic polynomal with e-rectors ( ! ) , (i) respectively·

is (2 - 6) - 7 = (x - 7)(x+ 1)
The e-values are 7, -1

Step 2- We solve (A-JI) v = 0
,



6.1 question 21.
Find the eigenvalues and eigenvectors.  Find a 
basis for each eigenspace of dimension 2 or 
larger.

A = 
4 -3  1
2 -1  1
0  0  2

Find the egenspaces
:

-
x =2 Finde nullspace of
A-2 = 2-3 yI O0

solution char
· poly : det(x.i ) Echelon form (2-30) . Twofroa s

'

= (2 -x) de+ (*) -

31) =2 -x)(+
=

33-4 + 6) Basis for the > = 2 e-space
= (2 -3)(xz- 3)+2) = - >3 +55-8) +4 []. P)/

Find the roots . Try to find some root

↓ = 0 ?x = 1 Yes !! X-1 is a factor for 1 = 1 we get an envector (0).
( - 54 +8) -4)=(x - 1)(x- 4x +4)

=( - 1)(x - 2)2



Question: For the identity matrix  I =

1. How many distinct eigenvalues does I 
have?

2. How many independent eigenvectors 
can we find for  I?

a.  0

b.  1

c.  2

d.  3

e.  4 or more

Another question: Same questions 1 and 2 for 
the matrix00 [i]

1 occurs with mult . 3
,
Answ 1

.

Answ
.

3


